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Abstract: Fibonacci sequence {F,} n‘:O is defined by the recurrence relation F, = F,_; + F,_,; n = 2 with
initial condition F, = 0,F; = 1. This sequence has been generalized in many ways, some by preserving
the initial conditions, and others by preserving the recurrence relation. Two of the generalizations of the

Fibonacci sequence are the class of sequences {Fﬁ(a' b)} nfo and {F,‘f(a' b)} nfo generated by the recurrence

relation
Frl;(a'b) = XM pH1-x1) Frl;(_al.b) + Frll‘(_az,b)

and

FR@D) — pR@D) 4 x(mp1-x(m) pR@D)

L(ab) _ pR@b) _ g pl@b) _ gR@b)
0 L | 1

with initial condition F, =1land where a,b are any fixed positive

. 1;ifnis odd
integers and x(n) = o .
0;if n is even
The Fibonacci sequence is a special case of these sequences with a =b = 1.

In this paper we obtain extended Binet’s formula for both {Ffl(a' b)} n°:°0 and {Fﬁ(a' b)} ®

n=0"

Keywords: Fibonacci sequence, generalized Fibonacci sequence, Bifurcating Fibonacci sequence, Binet
formula.

Introduction

The well-known sequence {F, },;>, of Fibonacci numbers is a sequence 0,1, 1, 2, 3,5, 8,
13, 21, 34, 55, 89, ..., where each term is the sum of two preceding terms. The corresponding
recurrence relation for the terms of the sequence is F,, = F,,_; + F,,_, ; n = 2 with the initial
terms F, = 0, F; = 1. There are fundamentally two ways in which the Fibonacci sequence may
be generalized; namely, either by maintaining the recurrence relation but altering the first two
terms of the sequence from 0, 1 to any arbitrary integers a, b or by preserving the first two
terms of the sequence but altering the recurrence relation. The two techniques can be even
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combined. It is observed that the change in the recurrence relation lead to greater complexity
in the properties of the resulting sequence. Edson, Yayenie(2009) generalized this sequence in
to new class of generalized sequence which depends on two real parameters used in a
recurrence relation. We define further generalizations of this sequence and call it the
generalized Fibonacci sequence.

Definition: For any two positive numbers a and b, the generalizations of the Fibonacci

sequence are the class of sequences {FL(a b)} = {EL} and { FR@ b)} = {ER} generated

by the recurrence relation
EH@D) = gxmpi-xm phab) 4 pliab)
and
FR@D) — pR@D) 4 g x(m) p1-x(m) pR@D)

n

L(a,b) _ FR(a, b) _ —0, FL(a b) _ FR(a b) _
0
1;if nis odd

0;if nis even

with initial condition F = 1 and where a, b are

any fixed positive integers and y(n) = {

The Fibonacci sequence is a special case of these sequences witha = b = 1.

In this paper we derive extended Binet’s formula for both {FL(a b)} =0
and { FR@ b)}

n=0"

Extended Binet’s formula for { FL@ b)}

We first note down a result which can be proved easily.

Lemma 2.1:

For any positive integer n, the following holds:

L(ab) L(a b) L(a b)

Fois — (ab + 2)F. 2 +bF =0.
We now obtain the value of two series related with FL(a b)
Lemma 2.2:
o pl@b) 2i-1 _ x—x3
Ziz1 Fply % T xt—(ab+2)x241°

Proof: Let p(x) = X2, F;(a' b)y2i = FZL(a' P2 4 Fj;(a' b)ys 4 F]g(a' P64 ...

Using Lemma 2.1, we get (x* — (ab + 2)x% + 1)p(x) = x — x3. This gives
p(x) = ¥2 F L(a b) 2i-1 _ x—x3

2i-1 T x4—(ab+2)x%+1°

We next derive the generating function for {FL(a b)}.
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Lemma 2.3:

x+bx2—x3

The generating function for {Ffl(a’ b)} is given by f(x) = (@21

Proof: Define
f(x) = 52 FE@ i = pHE) | pLab)y | plab)a | gllab)ys g

After the rearrangement of terms, we get
L(a,b
1-—ax—x)f(x)=x+ b —-a)x (Zl 1le(a1 ) 2i- 1)

Using Lemma 2.2 and on simplification we get the generating function for {FL(a b)} as

x+bx?%—x3
f(x) T x4t—(ab+2)x%2+1 "
We are now all set to derive the extended Binet’s formula for FL(a b)
Theorem 2.4:

b)

The terms of the generalized Fibonacci sequence {Frl;(a’ } are given by

L(a b) _ Zoo pl—xm) (Yx(n)a[n/z] _)71((")[;["/2])’
a—p

(ab+2)+‘/(ab+2)2—4> B = ((ab+z)—,/(ab+z)2—4>
P 2

2

Wherea=< withy=a—-1, y=-1
1;if nis odd

0;if nis even

and y(n) = {

Proof: Let o and B be the roots of equation x? — (ab + 2)x + 1 = 0.

7 _ 2_
This gives & = ((ab+2)+w>' B = <(ab+2) W) so that
a+p = (ab+2),af =1.
Now by L 2.4, we have f(x) = 2=
ow by Lemma 2.4, we have f(x) = x4—(ab+2)x2+1"
x+bx2—x3 _ (Ax+B) (cx+D)

+

If we write f(x) = (@bl - e T a2op)

then by using the method of partial

fractions, we get

1 (1-a)x+ab (B—-1)x-bp

= . 2

f&) (a—ﬁ)[ «*-a) =B )
zz_Q: — ZZ) o QR—n—1x2n+1 _ ?f:o PpR-T1,2n

ab—(a—-1x _ (a 1) . ab

Then =———== [Zn 0 gt X2 g o xzn] and
(=bB-(1-B)x) _ (-8 2n+1 _yo _—PB on
*—p) [Z" 0+t Ln=0 Ggyuer ¥ ]
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Using these in (2) we get
£ = 2 [{E (S - ) w2t — Sy (25 — 22 )]

Since aﬁ = b, we get

) = 5 {Ze((1 = Pa™ = (1= )f™+1)x2™ 4 32 b(a™ — f1)x?")

But (1 — B)a™?! = (a — 1)a™and (1 — a)™! = (B — 1)B™. For brevity we write

y=a—1landy = f — 1. Thus we have
1 ) — )
@) = 5 { Do lva™ = FAx = Ty b(a™ — Fx?"

On defining y(n) = 1, if nis odd and y(n) = 0, if nis even we write f(x) as
yX(n)a[n/Z]_)—/X(n)ﬁ[n/z]) N (3)

F) = Tz b (KT
Finally by (2) and (3) we have
FL@D) _ g p1-x( (

yX@ a2l _yxm gl
)

Extended Binet’s formula for { FR@ b)}

In this section we use the techniques similar to that used in the above section.

Lemma 3.1:

For any positive integer n, the following holds:

R(a, b) R(a, b) R(a b)

F2n+4 —(a+b+1)F2 2 Tt bF =0.
Here too we obtain the value of two series related with FR(a b).
Lemma 3.2:
2
Zz oF R(a b)le — x

abx*—(a+b+1)x2+1 "

Proof: Let u(x) = Y2, F;(a b)ai Fg(a' b FZR(a’ b)y2 4 Ff(a' b) e

Using Lemma 3.1, we get (abx* — (a + b + 1)x + 1)u(x) = x?, which gives
_ R(a b), 2i _ x?
u(x) = Xizo Fai X Gt (a+b+1)x2+1"
pR(@b)
We now derive the generating function for { }

Lemma 3.3:
The generating function for {Fﬁ(a’ b)} is given by
X

2
U(x) = abx*—(a+b+1)x2+41"°
Proof: Define

I(x) = X720 FiR(a’ Py = Fs(a' b) + Fi{(a' b)x + Fg(a' b)x2 + F;{(a' b)x3 + -

(4)
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After the rearrangement of terms, we get

(1-x—ax*)l(x) =x+x*(b—a) (Z Fa@ D) 21)
R(a, b)}

Using Lemma 3.2 and on simplification we get the generating function for {Fn

x2

abx*—(a+b+1)x2+1 "

We finally obtain the extended Binet’s formula for F

asl(x) =

R(a, b)

Theorem 3.4:

b)

The terms of the generalized Fibonacci sequence {Fﬁ(a‘ } are given by

R(a b _ X (yl(")a["/z] _)—,x(n)lg[n/z])
n= ey ’

# _J@+b+1)%-2ab\
where a = ((a+b+1)+ (121+b+1) 4ab), g = ((a+b+1) (Z+b+1) 4ab> withy = a—b,
1;if nis odd
_=B—band(n)={ o .
0:if nis even

Proof: Let a.and B be the roots of equation x> — (a + b + 1)x + ab = 0.
(a+b+1)+\/(a+b+1)2—4ab) B = ((a+b+1)—\/(a+b+1)2—4ab>
E 2

2

. Also we have

This gives a = (
a+p=(@+b+1),aB = ab.
. abx+abx?—ab?x3
Using Lemma 3.3, we have [(x) =

abx*—(a+b+1)x2+1 "
abx+abx?—-ab?x3 _ (Ax+B) (cx+D)

a?b2x%—ab(a+b+1D)x2+ab (abx?%-a) = (abx%-pB)
method of partial fractions, we get
1 (-ab+ab)x+a . (bB—ab)x—p
) = a5 [Tavr—o (abx?—p) )
Now by using Maclaurin’s expansion we get
a—(ab—-ab)x 1 o ab ab
e L Elzn D X - 3

ab(x*~%/gp) (“/ap) (“/ab)

—-p—(bf—ab)x —(bB—ab) x2n+1 4 B
—— =2 5 + X 7T X2
ab(xz_ﬁ/ab) [ n= 0( /ab) X n= 0( /ab) 1 ]

Using these in (5) we get
I(x) = — 3) (ab)n+1 {220:0 (a5n_+a1b + a[l;:ﬂlﬁ) X2y (#_%) xZn}]_
Using aff = ab, we get
1) = 5 {Zito((@ = b)a™ = (B = B)B")x?™ + Ty (e — f)a?).
Writingy = a — b and y B — b, we have
l(x) = Znmo(ra™ = 7M™ + 33 (@™ — fM)x?".

then by using the

If we write I(x) =

——x? l and

“ [/l [/l
yX® "2l yxm pl"/2
= Zn:o ( a—ﬁ xn.
This gives
R(a b) _ yX@ "2 _pxm g[™/2]
Zn 0 ( a—ﬁ ) .
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Conclusions

In this paper, we considered the sequence of ‘Bifurcating Fibonacci numbers’ and obtained
extended Binet’s formula for both {FnL(a’ b)} ® and {FnR(a, b)} o

n=0 n=0"
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